ABSTRACT
INTRODUCTION
The rapid development of machining technology during the past decade and the commercialization of reliable high-speed machining systems has driven the need for thorough dynamical investigation of high-speed cutting processes. One important phenomena that limits the productivity of machining is the development of self-excited vibrations, also known as machine tool chatter. The work of Tlusty et al. [1] and Tobias [2] led to the development of the "stability lobe diagram" that plots the boundary between stable and unstable cuts as a function of spindle speed and depth of cut.
The accurate modeling of the regenerative effect in cutting processes leads to a delay-differential equation (DDE) with a corresponding infinite dimensional state space [3] . In milling processes, parametric excitation also arises due to the repeated entering and exiting teeth of the rotating tool, therefore, the governing equation of milling is a DDE with time periodic coefficients. Closed form stability conditions can not be given for the general milling case. Usually, numerical simulations [4] [5] [6] [7] [8] and different analytical techniques [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] are used to derive stability charts.
Vibrations arise due to the flexible parts in the system, such as the tool, spindle, workpiece, etc. For some simple cases, when a well defined first mode is dominant, like milling a thin walled workpiece with a stiff mill, the one degree of freedom (DOF) assumption is satisfactory. In this case, the stability chart consists of an infinite series of stability lobes that are associated to either secondary Hopf or period doubling (flip) bifurcation. The analysis of the vibration frequencies [22] and the chatter signal [23] resulted in a thorough understanding of the 1 DOF case.
Usually, there is no single well defined dominant mode of the tool-workpiece system, and the process must be modeled as a multi-DOF system. One example is when the tool is the most flexible part, and it is modeled as a cantilever beam [24] . In this case, a 2 DOF model is considered with the symmetric parameters in the x and y directions and diagonal modal matrices arise in the equation of motion.
If further modes also take important role in the system dynamics, then the stability charts are even more complicated. For these cases, the estimation of the modal parameters requires a sophisticated modal analysis of the complex structure of the tool, the tool-holder and the workpiece [25] [26] [27] .
The quality of the milled surface is also influenced by the process dynamics. The relative vibrations between the tool and the workpiece, the rotation of the tool and the feed motion combine an undesirable patterned surface on the workpiece. The deflection of the tool due to its vibrations affects the accuracy of the product. The difference between the desired and the real surfaces created by an ideally stiff and the real flexible tool, respectively, is called surface location error (SLE) [7, [28] [29] [30] [31] [32] .
In this present study, a 2 DOF symmetric model of the milling process is considered. Stability charts and the surface location error are predicted for different system parameters and verified experimentally on a high speed milling center.
MECHANICAL MODEL
The 2 DOF mechanical model of end milling is shown in Figure 1 . The tool is assumed to be flexible relative to the stiff workpiece. The 2 DOF oscillator is excited by the cutting force F´tµ. The governing equation has the form
where
and M, C and K are the mass, damping and stiffness matrices, respectively. If the tool is modeled as a symmetric beam, its modal matrices are diagonal with the same diagonal values. In practice, however, the tool is not perfectly symmetric due to the helical flutes, and the modal matrices are not diagonal. In this case, an accurate modeling results in a time periodic modal matrices due to the rotation of the flexible tool. However, the tool can usually be considered almost symmetric and the cross terms in the modal matrices are neglected. The tangential and the normal forces acting on j th tooth are
where K t and K n are the linear tangential and the linear normal cutting coefficients, respectively, a p is the axial depth of cut and h´tµ is the instantaneous chip thickness. For a tool with N evenly spaced cutter teeth, the angular position of the j th cutting edge is
where Ω is the spindle speed in [rpm] . The function g´ϕ j´t µµ is a screen function, it is equal to 1, if the j th tooth is active, and it is 0 if not:
where ϕ e and ϕ a are the angles where the j th tooth enters and exits the cut, respectively. For down-milling operation, ϕ a π, for up-milling, ϕ e 0 (see Figure 2) . The x and y components of the cutting force are given as (see Figure 3 )
Let the feed per tooth be denoted by f z v f τ, where v f is the feed speed and τ 60 ´NΩµ is the tooth passing period. If f z R, where and R is the radius of the tool, then the instantaneous chip thickness can be expressed according to Figure 4 as
In Figure 4 , the ideal tooth pass is associated to the motion of the teeth of a stiff tool, while the real tooth pass is associated to the motion of the teeth of the real flexible tool.
The resultant cutting forces are the sum of the forces acting on the teeth: 
Using equations (8)- (10), the equation of motion (1) can be written in the form: (11) where the elements of the so-called specific cutting force variation matrix H´tµ are
as it was also shown Altintas and Budak [9] , and the elements of stationary cutting force vector G´tµ are
Note, that H´tµ and G´tµ are τ-periodic. 5 for different milling operations. At the intervals, where the specific cutting force variations are zero, the tool is out of cut, and experiences free oscillation. The τ-periodic nature of the cutting force can also be observed in Figure 5 . The motion of the workpiece is assumed to be in the form:
where x p´t · τµ x p´t µ is a periodic function, and ξ ξ ξ´tµ is a perturbation associated to machine tool chatter. Substitution of Eq. (18) into Eq. (11) results in
For the ideal case, when no chatter arises, i.e., ξ ξ ξ´tµ 0, and the motion is described by x´tµ x p´t µ, the corresponding equation of motion is
The assumption in Eq. (18) is appropriate, if Eq. (20) has a τ-periodic solution. Since the excitation G´tµ is τ-periodic, the particular solution of Eq. (20) is also τ-periodic. This validates assumption (18) . For linear stability analysis, the variational system of Eq. (11) is determined around the periodic motion x p´t µ. Eqs. (19) and (20) imply the equation
If the cutting process is stable, the component ξ ξ ξ´tµ corresponding to the chatter signal decays, and the tool moves according to the periodic motion described by x p´t µ. If the process is unstable, ξ ξ ξ´tµ increases exponentially, and the resultant motion x´tµ x p´t µ · ξ ξ ξ´tµ also increases exponentially. For unstable machining, the nonlinear phenomena also plays an important role in the system's dynamics. For example, the tool may leave the cut during vibrations with large amplitudes, and stable period-two vibrations arise where the tool flies over the workpiece every second tooth pass [33] . From manufacturing point of view, these large amplitude motions of the tool are not desired. The aim is to obtain a chatter-free cutting process associated to the motion x p´t µ with the smallest possible vibration amplitude. Therefore, in the present study, the linear Eqs. (20) and (21) and the corresponding motions, x p´t µ and ξ ξ ξ´tµ are investigated, and nonlinear phenomena are not considered.
PERIODIC MOTION
The periodic component x p´t µ is determined by the particular solution of Eq. (20) . Consider the Fourier expansion of excitation G´tµ similarly to Lazoglu and Liang [34] :
G´tµ dt (23)
G´tµ cos´2kπt τµ dt (24)
G´tµ sin´2kπt τµ dt (25) and N F is the number of included Fourier terms. The exact stationary cutting forces G x´t µ and G y´t µ and the ones obtained by different order Fourier approximations are shown in Figure 6 . It can bee seen that the 10 th order Fourier series (N F 10) already provides good approximation. The particular solution of Eq. (20) can be written as
Via substitution of Eq. (26) into Eq. (20), and by using harmonic balance, the system of equations (27) is obtained for the coefficients c k and d k , and
for c 0 . By solving Eqs. (27) and (28) for c k , d k and c 0 , the periodic solution x p´t µ can be determined according to Eq. (26) . Notice the special case of full-immersion milling with number of teeth N 2. In this case, the screen function g´ϕ j´t µµ 1, since the number of teeth in the cut is always 1, and the function G´tµ can be exactly described by a finite number of Fourier terms (see case (d) in Figure 5 ):
¡¡ (29) where τ 60 ´NΩµ. The corresponding Fourier coefficients are
and a k b k 0 for k 2. In this special case, the solution x p´t µ can also be determined in exact analytical form by using Eqs. (26), (27) and (28) with N F 1. The modal parameters used in Eqs. (27) and (28) The graphs of the theoretical stable periodic motion of the tool with single cutting edge are shown in Figure 7 . Both x and y time histories and phase plots are presented for half immersion down-milling, for full immersion milling and for half immersion up-milling. The contact of the tool and the workpiece is denoted by thick lines, while thin lines denote the free vibration of the tool.
LINEAR STABILITY ANALYSIS
The linear stability of the milling process is described by Eq. (21) . The stability analysis of this time periodic DDE is determined by the semi-discretization method [35] . The point of the method is that the delayed terms and the time periodic coefficients of the governing time periodic DDE are discretized, while the actual time domain terms and their derivatives are left in the original form. This approximation provides a series of ordinary differential equations that can be solved in each semidiscretization step. Solution of these equations with matching initial conditions results in a finite dimensional Floquet transition matrix. If the eigenvalues of this matrix are in modulo less than 1, then the process is stable, otherwise, it is unstable and chatter arises. In milling processes, two types of instabilities can be observed [22] :
1. The eigenvalue is complex, and it is larger than 1. This case corresponds to secondary Hopf bifurcation and quasiperiodic chatter arises. 2. The eigenvalue is real, and it is smaller than -1. This case corresponds to period doubling or flip bifurcation, and period doubling chatter arises.
Stability charts can be created by computing the critical eigenvalues for a set of fixed spindle speeds and depths of cut. The detailed method with the computation code for constructing stability charts for a 2 DOF milling process can be found in the paper of Insperger and Stépán [36] .
SURFACE LOCATION ERROR
For the ideal case, when the tool is stiff and no vibrations arise, the path of the j th tooth is described by combination of tool rotation and the feed motion v f t: If the flexibility of the tool is also considered, then the path of the j th tooth is also effected by the periodic vibrations of the tool:
The surface location error is the signed difference between the desired surface left by the ideally stiff tool and the real surface left by the flexible tool. For down-milling, it is SLE max t y id j´t µ ¡ max t´y j´t µµ (35) The tooth paths for a tool with a single cutting edge and the definition of the surface location error for different milling operations are presented in Figure 8 . As it can be seen the surface location error is not necessarily equal to max t´yp´t µµ defined by the maximum deflection of the tool during its periodic motion. Theoretical and experimental stability charts and surface location errors for half immersion down-milling can be seen in Figure 9 . Theoretical stability chart was determined using the semidiscretization technique according to Insperger and Stépán [36] . Experimental chart was obtained by cutting tests conducted at a series of spindle speeds and cutting depths. Stability of the cutting was assessed based on the recorded tool deflections, sound emitted during cutting, and roughness of the machined surface. Experimental SLE was computed from the tool deflection data. More details on the experiments and on the identification of the system parameters can be found in Refs. [37, 38] .
The qualitative agreement between theoretical and experimental charts is acceptable, but there are some quantitative differences. Surface location error was determined using Eqs. (33), (34) and (35) denoted by continuous and dotted lines, respectively. Obviously, experimental surface location error can only be determined for stable spindle speeds, when the chatter term decays and the tool motion is periodic. In Figure 9 , the theoretically predicted surface location error correlates well with the experimental one. As it can be seen, the surface location error is especially large at those spindle speeds, where high depths of cut are achievable without chatter.
The theoretical motions of the tool at different spindle speeds are shown in Figure 10 . The different cases can be characterized by the ratio of the tooth pass excitation frequency f tpe NΩ 60 and the natural frequency f t of the tool. In the current case, natural frequency of the tool is f t f x f y 722 Hz. At spindle speed 14 [krpm], f tpe 233 3 Hz and f t f tpe 3 094. This means, that if the tool were free, it would complete little bit more than 3 oscillation cycles during one tooth pass. Since this is the case of half immersion down milling with a single fluted tool, the cutting edge is in contact with the workpiece about over a quarter of the tooth passing period, and it oscillates freely over the remaining three-quarters. In spite of this excitation, the tool does oscillate about 3 times per tooth pass as it can be observed in Figure 10 .
As the spindle speed increases, one of the 3 cycles gets smaller and smaller, until it disappears at 19 [krpm] ( f t f tpe 2 280). From this point onwards, there are two cycles during a tooth pass. For higher spindle speeds, one cycle continuously disappears again. Finally, at 33 [krpm] ( f t f tpe 1 313), there is nearly just a single cycle.
The corresponding examples of experimental tool motion are shown in Figure 11 . Again, the theoretical ( Figure 10 ) and the experimental (Figure 11 ) plots agree only qualitatively. For spindle speeds 17 and 18 [krpm], the tests resulted in chatter (see also in Figure 9 ), therefore the surface location error is not presented for these two cases. The topology of the experimental and theoretical charts are very similar for spindle speeds 14-23 [krpm] . In the rest of the spindle speed range (24-33 [krpm] ), the predicted amplitudes of tool oscillation are much smaller than the measured ones, and the orientation of the free oscillation is different. (Note, that the scales are different for the corresponding theoretical and experimental plots.) However, the scenario of the decreasing number of oscillation cycles with increasing spindle speed matches the prediction very well. The explanation for this difference might be the relatively small depth of cut (a p 0 2 [mm]), where the tool wear and the tool runout may have large effects on the realized radial and axial depths of cut. At spindle speeds, where the ratio f t f tpe is close to an integer, high depth of cut values are achievable without chatter (see the stability chart in Figure 9 ). However, at these spindle speeds, the surface location error is also significant, therefore, the benefit of stable high depth of cut values can not be used for finishing operations. The explanation for this is that the excited vibration of the tool is close to resonance, since f t f tpe is close to an integer. In other words, the first or higher harmonics of the cutting force variation excites the first mode of the tool. This phenomenon can also be observed in the amplitudes of the tool oscillations in Figure 10 (see the scale of the axis for Ω 15 and 22 [krpm] ). These results are in accordance with those of Mann et al. [32] .
CONCLUSIONS
Stability, tool motion and surface location error were investigated for a 2 DOF milling process. A mechanical model including both the regenerative and the tooth pass excitation effect was used to derive the equation of motion. The vibration of the tool was decomposed into a stable periodic (chatter-free) motion and the chatter motion. The periodic motion is described by an ordinary differential equation, while the chatter motion is described by a time periodic delay-differential equation. For unstable machining, the unstable chatter motion is superimposed on the stable periodic motion. Stability diagrams were obtained by using the numerical semi-discretization method for the DDE of chatter. The periodic motion associated to stable machining were determined by solving the governing ordinary differential equation with excitation. By considering the tool rotation and the feed motion, the position of the cutting edges and, consequently, the resulted surface on the workpiece can be computed. The surface location error (the difference between the commanded surface and the machined surface) was also determined and accompanied to the stability chart. The theoretical results were supported by experimental ones. It was found that at spindle speeds, where high depths of cut and, consequently, high material removal rates are possible, the surface location error is also large and accurate machining can not be achieved.
The path of the tool vibrations was determined for a wide range of spindle speeds and for a fixed depth of cut. The ratio of the tooth pass excitation frequency and the natural frequency of the tool ( f t f tpe ) was used to analyze the number of oscillatory cycles of the tool during a tooth passing period. As the spindle speed increases, the number of oscillation cycles of the tool continuously decreases according the ratio f t f tpe . These theoretical predictions were qualitatively supported by the experimental observations. The agreement between theory and experiments was better at lower spindle speeds.
